The behaviour of the deconfinement order parameter, the susceptibility, the correlation length and the energy density of the SU(2) Yang-Mills system is studied in the neighbourhood of the deconfinement transition on large lattices (18 3 × 3,4, 5 and 16 3 × 4, 5,6). We check the critical exponents both below and above the transition by fits including corrections-to-scaling terms and find very good agreement with the universality predictions from the Z 2 spin system. With the predicted exponent fl as input, precise values for the critical temperature are found; they are confirmed by the energy density results.
Introduction
The deconfinement transition of SU(N) lattice gauge theory at finite temperature is related to the global center Z N symmetry of the theory [1, 2] . In the deconfinement phase the global symmetry is spontaneously broken, in the confinement regime the symmetry is restored. The expectation value of the Polyakov loop (thermal Wilson line) is the corresponding order parameter for the deconfinement transition [3] [4] [5] . It measures the free energy Fq of a single static (infinite mass) quark at temperature T ,1, and is zero when Fq is infinite, i.e. in the confinement region, but finite in the deconfined phase. For a second-order phase transition, like the one in SU(2), the situation is then analogous to that of the Ising model, where below some critical 
M-(to-r) (2)
where fl is the critical exponent of the order parameter. There is one difference in SU(2) lattice gauge theory compared to ferromagnetism: the order parameter is zero in the low-temperature phase and non-zero at high temperatures. Apart from that, all the corresponding physical quantities and their respective critical exponents exist. They are shown in table 1.
In the strong coupling limit it is possible to perform all integrations in the path integral formula for the partition function, except those for the Wilson line operators [6] ; one is then left with an effective theory of Wilson lines, which has the same structure as a Z N spin theory of the same spatial dimension [5] [6] [7] [8] . This was generalized by Svetitsky and Yaffe [7] to arbitrary couplings as a universality conjecture, implying the same critical behaviour for SU(N) gauge theory at the deconfinement transition and Z N spin theory at the order-disorder transition, if both transitions are continuous. As a consequence, the SU(2) lattice gauge theory in 3 + 1 dimensions, which we are about to consider in this paper, should have the same critical exponents as the three-dimensional Ising model. The critical exponents of the latter theory are known to a high degree of precision from approximate theoretical methods [9] [10] [11] as well as Monte Carlo simulations [12] .
In this paper we shall check these predictions (see table 2) both below and above the critical temperature by appropriate fits. The critical coupling or temperature is one of the parameters obtained through these fits. This will allow a test of the asymptotic scaling relation as obtained from the renormalization group equation (RGE) 
(4)
There have been several attempts [5, [13] [14] [15] to determine the critical exponent fl of the SU(2) order parameter. This was usually done with a one term fit on either relatively small lattices and/or not too high statistics. Whereas the earliest study on a 73× 3 lattice quotes, fl = 0.207 _+ 0.008 [5] , the other authors report agreement [13, 14] or at least compatibility [15] with fl--0.33. Apart from one paper [16] (in which some results for the correlation length are given), no effort was made, as far as we know, to determine the other critical exponents or to compare them with the exponents of the Ising model. We shall here present high precision measurements on large lattices, including not only results for the order parameter, but also the susceptibility, correlation length and and energy density. The paper is organized as follows. In the second section we shall present the data for the order parameter and their analysis. The next section will contain the results for the energy density. Sect. 4 contains a discussion of the susceptibility and the correlation length measurements both above and below the transition point. We summarize the findings in sect. 5.
The order parameter
The Polyakov loop for SU(2) gauge theory on an N 3 × N 7 lattice is defined as m~ L(x) = ½Tr I-I uT,x;o, (5) where Ux; o are the SU(2) link matrices at four-position x in the time direction. We use the standard Wilson action 4 =
•Tr Up; (6) 
s(u) -j P
here Up is the product of link operators around a plaquette. The computation of the average value of the Polyakov loop on a finite lattice is straightforward; however, there are difficulties arising either from the finite size N o and/or the existence of the deconfinement transition itself. On a finite lattice flips among different equivalent states occur, in our case L ~ -L, which for an infinite number of lattice sweeps will lead to a vanishing average value even in the deconfinement region. We therefore use the modulus of the lattice average and define (1.) as the configuration average of L. On the other hand, due to finite statistics and finite lattice size, the average value of the Polyakov loop will be non-zero also in the confined phase. Therefore, the exact location of the critical coupling has to be determined by some type of extrapolation. To assess the importance of such finite size effects we have calculated (L) on an 8 3 X 3 and an 18 3 x 3 lattice in the neighbourhood of the deconfinement transition. The results in fig. 1 show clearly the necessity to work on lattices as large as possible, at least when one wants to examine the transition region. The differences between the two lattices are even more dramatic for the susceptibility, as can be seen in fig. 2 . All our data were obtained from a one hit Metropolis program using the icosahedral subgroup of SU(2), starting measurements after 500 thermalization sweeps from cold configurations. Apart from the correlation functions, which were computed only every fifth update, all other quantities have been calculated every sweep. The error analysis of the raw data is described in the appendix. We have three sets of data: on an 83 × 3 lattice with 20000 updates per point, on 183 × 3,4, 5 lattices with 20 000-60 000 updates per point and below the critical temperature on 163 × 4, 5, 6 lattices with 29 000-58 500 updates per point. These large numbers of sweeps had to be performed because of the "critical slowing down" effect of the Metropolis method on large lattices and because of the increase of the correlation length, when a second-order transition point is approached. Both effects correlate successive updates and more sweeps are necessary to produce independent link configurations.
In fig. 3 , the average Polyakov loop (L) values on an 183 × 3 lattice are shown together with a fit of the form
+ (8)
We have chosen 4/g z as variable in (8) the asymptotic scaling relation, eq. (3), which we want to test. It will be used later for fits below T~. In the neighbourhood of the transition the change of variables will only affect the parameters A and B, not the critical exponents. A correction to the leading term has to be included in the fit, because the range of validity of the leading term approximation is not known. With the form (8) excellent fits are obtained, which only differ very close to the critical temperature. Moreover, the exponent 0 is also universal and known from the Ising model to be about 0.5 [ 11, 17] . Due to the functional form of the fit, the parameters 4/g 2 and fl are strongly correlated -a slight change in 4/g 2 leads to a relatively large change in the critical exponent, whereas fl and 0 are only weakly dependent on each other. To reduce the number of parameters we have therefore fixed 0 in all fits to 0.5. Returning to fig. 3 , it is obvious that the points for 4/g 2 ~ 2.18 are influenced by finite size effects and have to be excluded from the fits; however, for 4/g 2 --2.185 this is not so dear. In table 3 the parameters of the best fits with and without this ambiguous point are given. We also performed fits with fl fixed to ½ and show them with the data for (~)3 in fig. 4 . Evidently a fit with only the leading term would not be possible for all of our data and would lead to a too low value for 4/g 2.
The variation of the critical exponent within the 9570 confidence level is smaller than the systematic error induced by the inclusion or not of the point 4/g 2 = 2.185 in the region, which is biased by finite size effects. We therefore conclude that the error in fl from the 183 × 3 data is of the order of 1070. In figs. 5 and 6 we show the corresponding plots and the best fits for N~ = 4 and 5. Whereas for N~ = 4 we have no difficulty to exclude irrelevant points, it is essentially not possible to do this unambiguously for N~ = 5, if the critical point is not known from other sources. Including or not the point 4/g 2 = 2.375 for N~ = 5 changes the best fit value for fl from 0.25 to 0.41, i.e. we have a large systematic error. On the other hand the predicted value for fl is just the average of the two last numbers. We conclude that the expected value for the critical exponent fl is very well compatible with the data for iV, = 3, 4 and 5. One can now in turn use the prediction for fl to determine the critical coupling more accurately. The results are again given in table 3 and show that the T¢ values calculated from eqs. (3) and (4) agree essentially for N~ = 3 and 4, whereas T¢ (N~ = 5) is slightly lower. This result is confirmed by the data for the energy density.
The energy density
In zeroth approximation the energy density for the SU(2) Yang-Mills system is given by 12
where P~, P, are the expectation values of the space-space and space-time plaquettes, respectively Po,,= 1 -½(Tr Upo.,>.
In the next order in g2 the energy density is (for details see ref. [18] ) 
Here Psym is the plaquette expectation value on a large symmetric (No = N,) lattice.
To calculate the correction terms we computed Psym on a 124 lattice, where we found full agreement with the values of ref. [19] . We have plotted the data for e/esB in fig. 7 . The quantity esB is the energy density for an ideal gas of gluons on the same size lattice [20] -the Stefan-Boltzmann energy density. We see in fig. 7 a rapid change in e/esB due to the deconfinement transition. Shortly after the transition the energy density is already close to the Stefan-Boltzmann value. Note, that since
N4T 4 , the Monte Carlo result for ea 4 decreases with N~ -4, so that an evaluation of the energy density on large N, lattices requires very high statistics. As e/esB is a dimensionless physical quantity, the same results should be obtained independent of N,, if we plot them as a function of T. This is done in fig. 8 , assuming the asymptotic scaling relation (3). One observes, that the data for N, = 3 and 4 are scaling, whereas the data for N, = 5 are shifted with respect to the two other data sets by about 1.5 A L in temperature. This shift corresponds to the one observed already in the determination of the critical temperature from the order parameter fits. However, apart from this shift in T, which indicates a deviation from the asymptotic scaling relation (3), we find the same functional behaviour of the energy density.
Correlation length and susceptibility
The connected correlation function is defined by
where the subtraction of (~,)2 assures that F(x) vanishes for r = Ixl ~ oo also in the deconfinement region. Since
it is indeed the configuration average of the absolute value T, of the lattice average which has to be subtracted [21] . For large r, F(r) decreases exponentially on either side of the transition point
with ~ denoting the correlation length; it diverges at T c. We have measured
~L(O)L(x)
) only parallel to the coordinate axes, not in the diagonals; moreover, since we use periodic boundary conditions also in the space-like directions,
(L(O)L(x))
contains on a finite lattice contributions both from the separation r and from N, a -r.
The relation between F(x) and the interaction between the two static quarks given by the Polyakov loops L(0) and
is studied in ref. [21] . (17) r for the correlation function. For T < T c
From this we expect the form 1 F(r) = -exp { -c o -cl/r -r/li}

~-1 = o/T (18)
measures the string tension o, which vanishes at To. The term cl/r contains the Coulomb interaction as well as the effect of string fluctuations [22] , while c o fixes the overall normalization. In the high temperature region, T > T~, ~ is related to the gluonic colour screening radius r D ~-1 = rD ; (19) that 1/r factor in front of the exponential is now due to the Coulomb potential (one-gluon exchange) and c a is zero. We have thus fitted our results for F(r) to the The susceptibility is obtained from
× = Er(x) = N a(<L 2> -(L)2). (22)
x By the fluctuation-dissipation theorem it is related to the correlation function and hence it is also expected to diverge at To.
RESULTS ABOVE THE DECONFINEMENT TRANSITION
As already mentioned we have performed a fit to the connected correlation function using eqs. (20) and (21) 
(~/a) =A(4/g2-4/g~)"(X+B(4/gZ-4/gc) ),
where the critical coupling 4/g 2 was taken from the corresponding (L,) fits and u was fixed to its Ising value 0.63. The data points are seen to be well in accord with the fits using the universality conjecture. We have also tried fits to determine p by directly fitting eq. (23) to our data; as a result of the large errors of ~ near the transition point, this does not really lead to a conclusive determination. In figs. 10-12 we present our data for the susceptibility measured on 183 x 3, 4 and 5 lattices, respectively. The errors are large and not included in the figures. As for the order parameter and the correlation length we have assumed a two-term fit form
where we fix again the critical couplings to those obtained from the (L) fits and y to the Ising model prediction y = 1.24. The resulting fits support the universality prediction, a direct determination of y is, due to the large errors of the data, not feasible.
RESULTS FROM THE CONFINEMENT REGION
Below the critical temperature we have performed additional measurements on 163 x 4, 5 and 6 lattices at 4/g 2 = 2.24, 2.25 and 2.26, i.e. seen as a function of I we have 9 data points. Of course, this transformation from the variable 4/g 2 to T involves again the two-loop t-function, eq. (3) and may contain an error due to deviations from this asymptotic scaling law. We know already from our T c de- We have plotted the data for the susceptibility X in fig. 13 and fitted them according to
X =A(Tc/AL-T/AL)-v( 1 + B(Tc/AL -T/AL)°'5) •
The same strong correlation between the value of the critical point Tc/A L and the critical exponent 7 is found like for the previous fits. Both the fits to the 9 points as those to the 13 including the 183× N~ results lead to a flat X 2 function. We therefore fix T c to be Te/A L = 41.8 (the value on the 183 x 4 lattice from the (L) fit in sect. 2). The fit shown in fig. 13 was obtained for fixed 3' = 1.24; evidently the data are compatible with the universality prediction.
The correlation function was then fitted according to eqs. (20) and (21) . It turned out, that the coefficient c 1 was negligible, so the fit was finally performed with 
again with 8 = 0.5. In the close vicinity to the critical temperature both expressions will lead to the same exponent u, however, because of relation (18) 
Summary
We have calculated the order parameter, the susceptibility, the correlation length and the energy density of the SU(2) Yang-MiUs system on large lattices with high statistics. The resulting data are listed in tables 4-6 for the 183 x 3, 4, 5 lattices and table 7 for the 163x 4,5,6 lattices. The points, which we calculated on an 83x 3 lattice for a demonstration of finite size effects are given in table 8.
Using these data, the critical exponent of the deconfinement order parameter was then determined. We find in all cases very good agreement with the universality prediction. In addition, we note that the fits have to include corrections-to-scaling terms and that there are strong correlations between the critical exponents and the critical couplings/or temperatures.
With the universality prediction for the critical exponent/3 of the order parameter as input, the critical couplings 4/g~ could be determined very accurately. From the The errors are again determined with the 95% confidence level method. The results vary slightly less than those of Curzi and Trippiccione [15] and are consistent with the/3-function measurements with the ratio method [23] . The values found for TJA L are also confirmed by the measured energy densities on the N, = 3,4, 5 lattices. We moreover find that the dimensionless ratios e/esB show the same temperature dependence, apart from a small shift in T of the N, = 5 ratio compared to the N, = 3, 4 results, in accord with the shift in the TJA L values seen in eqs.
(29)-(31). To improve the T c determination and test the scaling behaviour, one would have to perform a finite size scaling analysis; one could also try to reduce finite size effects by choosing other spatial boundary conditions [24] . since n/N a is the effective number of independent measurements. We find, that N a is about 100, growing up to about 1000 in the close vicinity of the critical point.
